Abstract. The aim of this work is to study the asymptotic behavior of a structure made of plates of thickness 2δ when δ→0.
Introduction
Many articles and books have been dedicated to the mathematical justification of plates models (see for example [1, 2] ). A first study concerning the asymptotic behavior of a structure made of two thin plates of thickness ε, is due to Le Dret [7] . The obtained asymptotic model derives from the three-dimensional system of elasticity thanks to a thin domain standard technique (the plates are transformed into a fixed domain). At the limit, Le Dret obtains a two-dimensional system coupling the flexion displacements of the two mid-surfaces of the plates.
Our study continues [4] and [5] . In this paper we use again the notions of elementary displacements and of extensional and inextensional displacements and we extend them to the plates displacements and to the displacements of structures made of plates. Our paper is organised into three parts. In the first one we study the displacements of a plate, the second one is devoted to the displacements of a structure made of plates from which we deduce the asymptotic behavior of a structure made of thin plates. And in the third part we prove the technical lemmas used in the two first parts of our paper.
In Section 2 we consider a plate of thickness 2δ. We first introduce the elementary displacements of a plate (Definition 2.1). These are the displacements of the normal lines of the mid-surface of the plate. An elementary displacement is linear with respect to the variable x 3 . It is written U(x) + R(x) ∧ x 3 e 3 where U is a displacement of the mid-surface. By such a displacement the normal line is transformed into a line which is generally no longer perpendicular to the mid-surface. With each displacement u of the plate we associate an elementary displacement U e (Definition 2.2). Theorem 2.3 gives estimates of appropriate norms of U e and of the displacement u − U e in terms of δ. Using the elementary displacement U e we show (formula (2.3)) that the displacement u is the sum of a Kirchhoff-Love displacement and of a residual one u, which satisfies estimate (2.4). We are now equipped to obtain the asymptotic behavior of a displacements sequence u δ δ>0 with strain energy of order δ. This is the main result of this section and it is given in Theorem 2.6. The previous decomposition allows us to give a simple interpretation (see Theorem 2.6) of the limits of the unfolding T δ γ ij (u δ ) of the strain tensor γ ij (u δ ) (where the unfolding operator T δ is given in Definition 2.5) in terms of the derivatives limits of the Kirchhoff-Love displacements and of the residual displacements. There is not a unique associated elementary displacement that satisfies estimates (2.2). In Definition 2.2 we give the simplest one. But the one we give in Definition 2.9 is more suitable for the study of a structure made of plates.
The structure S δ made of plates of thickness 2δ is introduced in Section 3. Our hypotheses about the skeleton of the structure S (i.e. the plates mid-surfaces set) allow us to consider a wide range of structures. We extend to them the notions and decompositions of Section 2. Definition 3.1 gives us the elementary displacements of plates-structure (e.d.p.s.). These displacements coincide with elementary plate displacements in each plate and there are rods elementary displacements in the junctions (see [5] ). Any e.d.p.s. is known by two functions belonging to H 1 (S; R 3 ). The first one U is the skeleton displacement, the second one gives the rotations of the normal lines of the mid-surfaces. We show that U is the sum of an extensional displacement and of an inextensional one (Definitions 3.6 and 3.5). The first one characterizes the membrane displacements and the second one is a rigid displacement in the direction of the plates and it characterizes the plates flexion. Corollary of Lemma 3.7 gives estimates for them with an appropriate norm. In subsection 3.4. we consider an e.d.p.s. sequence u δ δ>0 with strain energy of order δ. Thanks to all these decompositions we give the limits of the unfolding T δ γ ij (u δ ) of the strain tensor as in the case of a plate. We also characterize the space of the inextensional limits displacements. In the last subsection, we
give the limit for δ → 0 of the linearized elasticity system (3.9), written in S δ , where the applied forces F δ satisfy assumptions (3.11). The main results are Theorem 3.8 and Theorem 3.10. In the first one we show that the extensional displacement limit is the solution of a second-order system, and in the second one we
show that the limit of the inextensional displacement is the solution of a fourth-order system.
In this work we use the Einstein convention of summation over repeated indices. As a rule, the Greek indices α and β take values in {1, 2} and the Latin indices i, i ′ , j and j ′ take values in {1, 2, 3}.
The plate displacements

The elementary plate displacements
The Euclidian space R 3 is related to the frame (O; For any open set ω ′ of R n , n ∈ {2, 3}, and any displacement u belonging to 
The component R 3 of R is equal to 0.
Theorem 2.3 :
The elementary plate displacement U e verifies
The constants depend only on ω.
Proof : See Annex A.
Proposition 2.4 :
is the sum of a Kirchhoff-Love displacement and a residual one u
where U is the first component of the e.p.d. U e . The residual displacement u belongs to L 2 (ω,
and verifies
Proof : We define u by
This displacement belongs to L 2 (ω,
. We obtain (2.4) using the estimates of Theorem 2.3.
2.2.
Limit of a plate displacements sequence.
Definition 2.5 :
Theorem 2.6 : Let u δ δ>0 be a sequence of displacements of
There exist (a δ , b δ ) ∈ R 3 × R 3 and extracted sequences (still denoted in the same way), such that
Moreover U 3 belongs to H 2 (ω). We have the following weak convergences of the unfolded of u δ , u δ and of the components of the strain tensor :
Proof : With each u δ we associate the e.p.d. U e,δ with components U δ and R δ . From (2.4) the displacement
Korn inequality applied to U M,δ affirms the existence of a rigid displacement r M,
If b α,δ is the mean of R α,δ on ω, we obtain from the Poincaré-Wirtinger inequality
The estimate of E(U e,δ , Ω δ ) obtained in Theorem 2.3, gives (2.10)
Now we apply the Poincaré-Wirtinger inequality to the function U 3,δ + b 2,δ x 1 − b 1,δ x 2 . There exists a 3,δ such that
The sequences
We extract from these sequences some subsequences, still denoted in the same way, such that (2.11)
The limits of the sequences δ ∂U 3,δ ∂x 1 + R 2,δ and δ ∂U 3,δ ∂x 2 − R 1,δ are equal to zero by (2.10), hence the equalities (2.12)
and the belonging of U 3 to H 2 (ω). From the limits (2.11) and from the equalities (2.12) we immediately deduce the limits of the unfolded
To calculate the components of the strain tensor we use the equality (2.3)
These equalities are transformed through unfolding. All the sequences T δ γ ij (u δ ) are bounded in L 2 (Ω) and they have a limit in H −1 (Ω), which can be explained thanks to the convergences (2.11) and the equalities (2.12). Hence the last limits of (2.9).
Remark 2.7 :
We consider again the sequence of displacements u δ δ>0 of Theorem 2.7. We put U ′ e,δ δ>0
another sequence of e.p.d. verifying
where the constant is independent on δ. Then we obtain
The displacement u δ is decomposed now into the sum of a new Kirchhoff-Love displacement and a new residual one u
After extraction of subsequences expressed by the same notation, we obtain the convergences
The limits of the unfolded
. Except for the limit of the sequence of the unfolded 1/δT δ ( u δ ), the limits (2.8) and (2.9) do not depend on the decomposition of the displacement u δ into the sum of an e.p.d. and a residual displacement. What matters is to be able to approximate u δ with the help of an e.p.d. that verifies the estimates (2.13). It is to be noticed that the mere knowing of the limits of the unfolded of the stain tensor components of the sequence u δ δ>0 is not enough to determine completely the residual displacement u. It is obtained but for a function of L 2 (ω, R 3 ).
A second decomposition of a plate displacement
We consider now a round-rimmed plate Ω ′ δ with a middle surface ω δ . We denote
Lemma 2.8 : For any δ ∈]0, δ 0 ], there exists an extension operator P δ , linear and continuous from
The constants do not depend on δ.
Proof : See Annex B.
The extension of u to Ω δ is still denoted u.
A second elementary plate displacement associated with a displacement of 
Theorem 2.10 : We have the following inequalities:
Proof : We now consider the covering ω ′ δ,n n∈N δ (see Lemma 4.1 in Annex A). We put ω
From Lemma 2.3 in [4] there exists a rigid displacement r n such that
The constants do not depend on n nor δ. We calculate the mean of (u − r n )(M ) and of
and
where || · || 2 refers to the euclidian norm of R 3 . From the inequalities (2.17), (2.18) and after elimination of the rigid displacement r n , we obtain
We add all these inequalities to
. The partial derivatives of these functions are
Let us calculate the means of
hence, on the one hand δ ∂U
n,δ ) using (2.18) and on the other hand
We add all these inequalities
From (2.18) and (2.19) once more we obtain
Theorem 2.10 is proved.
3. The displacements of a structure and the asymptotic behavior of a structure made of plates
The structure made of plates
We work on a set of N plane bounded domains with polygonal boundary, included in R 3 , ω l 1≤l≤N . The skeleton S is the union of ω l 1≤l≤N . A face of S is a closed set ω l . An edge of S is a maximal segment shared by a set of faces or a maximal segment belonging to the boundary of a face. A vertex of S is an extremity of an edge.
Hypotheses : We suppose H1
• for any pair of faces (ω l , ω p ), there exists a sequence of faces ω l = ω l0 , ω l1 , . . . ω l k = ω p such that ω lr and ω lr+1 have an edge in common, 0 ≤ r ≤ k − 1, H2 • for any vertex A and any pair of faces (ω l , ω p ) containing A, there exists a sequence of faces ω l = ω l0 , ω l1 , . . . ω l k = ω p such that ω lr and ω lr+1 have an edge in common containing A, 0 ≤ r ≤ k − 1, H3 • the skeleton S is fixed all along some edges. 
We denote
• Γ 0 the fixed part of the skeleton,
• J the set of edges common to several faces,
• N the set of vertexes common to several faces.
The structure made of plates is the domain 
2 , e
3 is the normal direction to the face ω l . The plate Ω The structure S δ is fixed to part Γ 0,δ = x ∈ ∂S δ | dist(x, Γ 0 ) = δ of its boundary . For each edge J ∈ J we choose a unit vector e J in the direction of the edge.
We consider S δ = N l=1 ω l,δ , the set of the middle surfaces of the plates.
There exist two constants δ 0 > 0 and µ 0 > 0 depending only on the skeleton S such that for any δ ∈]0, δ 0 ] the parts common to several plates are in the union of the junctions
The restriction of a function φ, defined on S, (resp.
In the same way, we denote x
α and x
is the set of the functions φ defined a.e. in S (resp. S δ ), with
) and such that for any edge J ∈ J and any pair of faces (ω l , ω k ) containing J, we have the equality of the restrictions to J,
The space H 1 Γ0 (S, R n ) is the subspace of H 1 (S, R n ) the elements of which are a.e. equal to zero on Γ 0 . We equip H 1 (S δ , R 3 ) with the inner product
The associated norm is denoteted || · ||.
The elementary displacements of plates structure
, such that there exist two elements A and B belonging to
is an e.p.d. of the plate Ω 
Proof : Let u be in H x ∈ S δ | dist(x, J) > 2η 0 δ and equal to an elementary displacement of rods structures in the junctions (see Annex B). We then can deduce (3.1).
Proposition 3.3 (Korn inequality) :
The constant does not depend on δ.
Proof :
The estimates (3.1) of the gradients of the R (l) functions, the nullity of R on Γ 0 and the hypothesis H1 allow us to obtain step by step ||R||
. This inequality and (3.1)
give then an upperbound of the L 2 norms of the functions gradients U (l) . The nullity of U on Γ 0 and the hypothesis H1 imply then that ||U||
. From these estimates of U and R follow
. Then again, thanks to (3.1), we obtain the estimates of the L 2 norm of u and of its gradient.
Inextensional displacements, extensional displacements
The space H 1 ρ,Γ0 (S, R 3 ) is the set of the functions φ defined a.e. in S, with values in R 3 , such that:
• for any l ∈ {1, . . . , N }, the restrictions φ
where ρ( x) = dist( x, N ) (distance from the point x ∈ S δ to the vertexes belonging to several faces),
• for any edge J ∈ J and any pair of faces (ω l , ω k ) containing J, we have (
• the function φ is equal to zero on Γ 0 .
We equip H 1 ρ,Γ0 (S, R 3 ) with the inner product
, and with the norm
Proof : See Annex C.
Definition 3.5 :
An inextensional displacement of the skeleton is an element U belonging to
The membrane component U
2 of an inextensional displacement is a rigid displacement of the face ω l . The inextensional displacements space of the skeleton is denoted D I (S). Definition 3.6 : An extensional displacement of the skeleton is an element of the orthogonal
The set of extensional displacements is equipped with the semi-norm
The semi-norm || · || E is a norm, because if U ∈ D E (S) is such that ||U || E = 0 then, γ αβ (U (l) ) = 0 for any l. The displacement U is then of inextensional type and is equal to zero. 
According to the inequalities (3.1) and Lemma 3.7 we have
The constants are independent of δ.
The limit displacements
Let u δ δ>0 be a sequence of displacements belonging to H 1 Γ0 (S δ , R 3 ) and verifying
where the constant is independent of δ. Thanks to the estimates (3.2), (3.4) and (2.4), from the sequences
δ ) we extract some sub-sequences, still denoted in the same way and which weakly converge,
The sequences δU δ and δU I,δ have the same limit in H 1 ρ,Γ0 (S, R 3 ) because the sequence δU E,δ converges to
. After passing to the limit and from (3.1) comes
α .
Now we define the space of the inextensional displacements limits. We put
α , ∀l ∈ {1, . . . , N } For any A ∈ D I (S), there is only one B which we denote ∇A. Then we have ∀l ∈ {1, . . . , N }, ∀α ∈ {1, 2}, ∂A
We equip D I (S) with the norm ||A|| I = || ∇A|| H 1 (S,R 3 ) . The inextensional limit displacement U I belongs to D I (S).
3.5. Limit of the unfolded displacements and limit of the unfolded strain tensor components Using (2.8) and after transformation by unfolding we have the following limits in the refering plates :
weakly in L 2 (Ω l ).
Elasticity problem
The plates are made of an homogeneous and isotropic material. Our equations are given within the framework of linearised elasticity. In S δ let the elasticity system be (3.9)
The variational formulation of the problem (3.9) is (3.10)
where a iji
The constants λ and µ are the Lamé constants of the material. The plates Ω ′ l,δ are submitted to volume applied forces . Among these forces we make a distinction between those concerning the extensional displacements and those concerning the inextensional displacements.
where The function f E verifies the condition of orthogonality
Let (U δ , R δ ) be the two components of the e.d.p.s. associated to the solution u δ of the problem (3.10). In the plate Ω l,δ , the displacement u
δ is the sum of the e.p.d.
3 and a residual displacement. The displacement U δ is the sum of an extensional displacement U E,δ and of an inextensional displacement U I,δ . Then, thanks to (3.1) and (3.4), we have
We deduce that the solution of the variational problem (3.10) verifies the estimation (3.14)
Asymptotic behavior of the stress tensor
We begin with determining the partial derivatives of the residual displacements u (l) in the normal directions to the plates. Let φ be a displacement of is an edge of the face ω l . For δ small, the displacement
δ is an acceptable displacement of the full structure S δ . We have the following strong convergences of the unfolded of the strained tensor components of φ δ :
We now take φ δ as a test-displacement in (3.10), we transform by unfolding the integral on Ω l,δ into an integral on Ω l and after dividing by the thickness of the plate we pass to the limit. We obtain (3.16)
because the right member of (3.10) tends to 0 1 2δ
The set of these test-displacements is a dense subset in
in terms of the first partial derivatives of U
E and of the second partial derivatives of U
We give now the weak limit in L 2 (Ω l ) of the unfolded of the stress tensor components
3.8. The extensional displacement U E or the problem of coupled membrane plates Theorem 3.8 : The extensional displacement U E is the solution of the variational problem
where E is the Young modulus and ν the Poisson constant .
The proof of Theorem 3.8 requires the next lemma.
Lemma 3.9 : For any element V ∈ H 1 Γ0 (S δ0 , R 3 ), there exists a sequence of displacements V δ ) 0<δ≤δ0
Proof : See Annex E.
Proof of Theorem 3.8 : Let V be an element of H 1 Γ0 (S, R 3 ), we extend V into an element, still denoted
. We take V δ as a test-displacement in (3.10), we transform, by unfolding, the integrals on the plates into integrals on the reference plates then we divide by 2δ. Thus we are led to take into account again and again the neighborhoods of the edges belonging to J . Let J be an edge common to several faces. For any face ω l containing J, we have
The part of S δ neighbour of the edge J and common to several plates is contained into the cylinder x ∈ R 3 | dist(x, J) < η 0 δ . Thanks to the convergences (3.21) its contribution in the limit problem is equal to zero. Then we can make δ tends to 0 in order to obtain (3.19) with the displacement V . The limit of the right handside term of (3.10) is given by (3.13).
The set
3), which gives (3.19) with any displacement of
3.9. The inextensional displacement U I or the problem of coupled bending plates Theorem 3.10 : The inextensional displacement U I is the solution of the variational problem
The proof of Theorem 3.10 requires the next lemma.
Lemma 3.11 : For any element V ∈ D I (S), there exists a sequence of displacements W δ 0<δ≤δ0 such that
, and
Proof of Theorem 3.10 : Let W be an element of D I (S). For any edge J and any face ω l containing J we have
We take W δ as a test-displacement in (3.10). We transform, by unfolding, the integrals on the plates into integrals on the reference plates, then we divide by 2δ. We pass to the limit (thanks to (3.24) the contribution of the immediate junction neighborhoods tends to 0). We obtain (3.22) with the test-displacement V .
Remark 3.12 :
The problems (3.19) and (3.22) are coercive. It results that the whole encountered sequences converges to their limit. We are going to show now that these convergences are strong. We consider the formal displacement U of the structure S δ defined in each plate by
be the characteristic function of the complement in S δ of the union of the edges neighborhoods J∈J x ∈ S δ | dist(x, J) < η 0 δ . In the reference plate Ω l , we have the convergences
The first term of (3.24) is the sum of the left handside members of (3.19) and (3.22). Hence the above inequalities are equalities. Besides
and lim
We deduce that lim
All the sequences of the unfolded of the strained tensor components strongly converge in L 2 (Ω l ). We have also the strong convergences
Complements
The orthogonal condition (3.12) requires an explanation . First, for any function φ ∈ H 1 (ω l ) equal to zero on the edges, the displacement Φ defined by
belongs to D I (S). We deduce that the function f We denote 
Through the use of easy geometrical arguments we show that if 4δ ≤ inf{C, B/ √ 1 + M 2 }, we have
For any a ∈] − A, A − 2δ[, the domains The open set ω δ,n is star-shaped with respect to a disc of center A n and of radius δ/2. We put O δ,n = ω δ,n ×] − δ, δ[⊂ Ω δ , n ∈ N δ . The domain O δ,n has a diameter less than (R + 2)δ, and is star-shaped with respect to a ball of center A n and of radius δ/2. From Lemma 2.3 of [4] , there exists a rigid displacement r n such that
The constant depends only on R.
We calculate the mean of (u − r n )(x) and of x 3 e 3 ∧ (u − r n )(x) on the intervals { x}×] − δ, δ[, x ∈ ω δ,n , then we integrate on ω n,δ the inequalities we have obtained. Thanks to (4.1), we have
In (4.1) we eliminate the displacement r n thanks to the estimations (4.2). Hence
, then we add these inequalities and we obtain
Both components of e.p.d. U e belong to H 1 (ω, R 3 ). We calculate the mean of the gradient of (u − r n )(x), then the mean of x 3 e 3 ∧ ∇(u − r n )(x) on the intervals { x}×] − δ, δ[, x ∈ ω δ,n . Using (4.1) we obtain
hence, after elimination of b n in the first inequality,
From (4.3) and (4.4) we deduce the estimate of E(U e , O δ,n )
From (4.3), (4.4), (4.1) and after elimination of the gradient of r n we also deduce
Theorem 2.3 is proved.
Annex B. About the second decomposition of a plate displacement 4.2.a Extension of a plate displacement
Let ω be a polygonal bounded domain in R 2 . The boundary of ω is made of a finite number of segments.
Let C be a connected component of ∂ω. There exists δ 
are rods structures. Then there exists µ ′ 0 > 0 such that all the balls centered in a vertex of C, and of radius 3η ′ 0 δ contain the junctions of the rods belonging to C 3δ . We recall that for any δ ∈]0, δ ′ 0 ], there exists an extension operator, linear and continuous,
Proof of Lemma 2.8 : We begin with extending u in the neighborhood of a connected component of ∂ω.
Let C be a connected component of ∂ω. The restriction of u to C δ is a displacement belonging to
Hence there exists an elementary displacement of a rods structure (e.d.r.s.) U e,R (see [5] ) which coincides with a rigid displacement in each set B(A, 3η ′ 0 δ) ∩ C δ where A is a vertex of C and which verifies
The displacement U e,R is also an e.d.r.s. of C 3δ and E(U e,R , C 3δ ) ≤ CE(u, C δ ). The displacement
is an extension of u to the set C 3δ . From (4.6) we have the following inequalities:
In the same way we build an extension of u in the neighborhood of the other connected components of ∂ω.
The extension P δ (u) is then the displacement which coincides with u in Ω ′ δ and which is equal to one of the previous extensions in Ω δ \ Ω ′ δ . The estimates (2.14) are the immediate consequences of the inequalities (4.7) obtained in the neighborhood of each connected components of ω.
Remark 4.2 :
If one of the edges of the boundary of ω is fixed we can take an e.d.r.s. with its two components equal to zero on this edge without modifying the estimates (4.6) and then extend u beyond this edge by 0.
Remark 4.3 :
We also can construct an extension operator P δ when ω is of lipschitzian boundary with the help of a few changes.
4.2.b
Modification of an e.p.d. in the neighborhood of an edge. Let J be an edge contained in the face ω, J δ the rod
and u a displacement of the plate Ω δ . Without being detrimental to the general case we can suppose that the edge's direction is e 1 and that one of these extremities is the chosen origin on the face, so that J is identified with the segment [0, L] × {0} where L is the edge's length.
The restriction of the displacement u to the rod J δ can be decomposed into the sum of the elementary rod displacement (e.r.d.) U e,R of components U R and R R and of a residual displacement. We choose an e.r.d.
U e,R coinciding with a rigid displacement in the balls centered in the extremities of J and of radius η 0 δ (see [5] ). We have
We know (see [4] and [5] ) that the components U R and R R of U e,R belong to H 1 (J, R 3 ), and verify (4.8)
The functions U R and R R are extended into functions belonging to H 1 loc (R, R 3 ) (by construction R R is constant and U R is linear in a neighborhood of the extremities of J). These extensions are then identified with elements belonging to H 1 loc (R 2 , R) depending only on the variable x 1 .
be the rod and J δ the neighborhood of J in ω δ ,
From the estimates (4.8) of the restriction of u−U e,R to J δ we deduce the following estimates of the restriction of u − U e,R to J ′ δ :
The constant depends on L and η 0 .
The displacement u of the plate Ω ′ δ is decomposed into the sum of an elementary plate displacement U e,P , given by (2.15), and of a residual displacement,
Besides the inequalities (2.16), we also have (4.10)
This allows us to compare the different elementary displacements. We obtain
The estimate of
follows from the nullity of R R − R P on J.
We are now going to modify the e.r.d. U e,P in the neighborhood of J.
We consider a function m belonging to
We define the components, U ′ and R ′ , of a new e.r.d. U ′ e by (4.13)
Hence we have by construction of
Thanks to (4.8), (4.10), (4.12) and (2.16) the e.p.d.
The constants depend only on ω, J and η 0 . We denote r = dist(x, O), x ∈ R 2 .
Lemma 4.3 : Let φ belong to H 1 (C 1,θ0 ), for any α ∈]0, 1], we have (4.14)
Proof : We recall that for any u ∈ H 1 (0, L) and for any α ∈]0, 1], we have
Let us take φ ∈ C ∞ (C 1,θ0 ). We apply the inequality 4.4 to the restriction of φ to a radius coming from the origin and contained in C 1,θ0 . This gives We then integrate with respect to θ between 0 and θ 0 and we obtain (4.14). The density of C ∞ (C 1,θ0 ) into
) gives the inequality for any function of the space H 1 (C 1,θ0 ).
There exists a function w belonging
The constant depends only on θ 0 . Moreover w belongs to W 1,p (C 1,θ0 ) for any p, such that 1 ≤ p < 4 2 + α .
), the segment of same direction as J 0 (resp. J θ0 ) and of length tan θ 0 /2 . The function u (resp. v) extends by reflexion into an element still denoted u (resp. v) belonging to
). Letũ andṽ be the functions belonging to
(t e θ0 ) = u(t e 0 ),
where e θ = cos(θ) e 1 + sin(θ) e 2 , θ ∈ [0, θ 0 ]. There exists a continuous lifting operator from
). Let U (resp. V ) be the lifting ofũ (resp.ṽ). In the triangle T θ0 of vertexes 0, 0 , 0, tan(θ 0 /2) and tan(θ 0 /2) cos(θ 0 ), sin(θ 0 ) , containing C 1,θ0 and contained in C tan(θ0/2),θ0 , we define w by
In the above expression the coefficients of U (x 1 , x 2 ) and V (x 1 , x 2 ) are barycentric coordinates of point (x 1 , x 2 ) belonging to T θ0 . By construction we have w |J0 = u and w |J θ 0 = v. The function w belongs to
We then calculate the partial derivatives of w and we conclude that w belongs to H 1 loc (T θ0 ). Moreover we have
The constant depends on θ 0 . Thanks to the inequality of Lemma 4.3, we have
Eventually we obtain the estimate of Lemma 4.4. Moreover we have
Hence w belongs to
That is to say for 1 ≤ p < 4 2 + α .
Corollary : If α = 1, the function w belongs to W 1,p (C 1,θ0 ) for any 1 ≤ p < 4/3.
Proof of Lemma 3.4 :
Step 1 The norms are equivalent.
. We applied the classical Korn inequality to the membrane displacements V
2 and then we add all the inequalities to obtain Step 2 The space H
, we consider the sequence V δ δ>0 defined by
where m is given by (4.12). The displacement V δ is equal to zero in the neighborhood of each vertex belonging to N . This displacement belongs to
We calculate the gradient of the restriction of V (l) δ to each face ω l . Using the L 2 estimate of V δ −V , we obtain
. The constant does not depend on δ. The sequence V δ δ>0 weakly converges
, which gives the density of
Step 3 The space
We consider the truncature function T M from R 3 into R 3 defined by
where M belongs to R * + and where || · || 2 is the euclidian norm of R 3 . The map T M is piecewise C 1 verifying
The constant does not depend on M . When M tends to infinity, V M tends strongly to
Hence the density of
Proof of Lemma 3.7 : We put V ∈ D E (S). As in the proof of Lemma 3.4 we get
We put J ∈ J a common edge to the faces ω l and ω k . The restrictions to J of the membrane displacements
M completely define the restriction V |J . Hence we get
With the help of Lemma 4.4 we build a displacement
and verifying
The displacement V − W is of inextensional type and hence orthogonal to V , hence
Now we show that the norm || · || E is equivalent to the norm | · | ρ in D E (S). We already have ||V || E ≤ |V | ρ for any V ∈ D E (S). We suppose that the norms are not equivalent. For any n ∈ N * , we can find V n ∈ D E (S) such that ||V n || E ≤ 1/n and |V n | ρ = 1. The sequence V n n∈N * being bounded in H 1 ρ (S, R 3 ), we can then extract a sub-sequence, still denoted in the same way, such that
The limit V belongs also to D E (S). Let us make n tend to infinity in the inequality ||V n || E ≤ 1/n, we obtain γ αβ (V (l) ) = 0. The displacement V is of inextensional type, and hence is equal to zero. 
2 is a rigid displacement. The restriction of U to an edge J ∈ J is then (4.17)
where A J is an vertex of the edge. The vectors − → A J and − → B J depend only on the edge. We choose − → B J
orthogonal to e J to have the unicity of this vector.
4.4.b. The inextensional displacements of D I (S)
A displacement A ∈ D I (S) verifies ∂A We also have − → B J ∧ e J = ∇A |J ∧ e J . The vector ∇A |J ∧ e J is constant along the edge J, hence
There exists a vector − → B JL ∈ R 3 (depending on − → B J and − → B L ) such that
Since We can do the same with all the structure vertexes. We denote U δ,1 the displacement obtained after having modified U in a neighborhood of each vertex. Hence we have
||U || H 1 (B(A;4η0δ)∩S δ 0 ,R 3 ) .
Step 2 Let J be an edge belonging to J . This edge is common to the faces ω l1 , . . . , ω lp . We denote V 
where J δ = x ∈ S δ0 | dist( x, J) < η 0 δ , J δ is the union of two-dimensional sets of breadth 2η 0 δ and of length L J + 2η 0 δ. If the edge J is contained in Γ 0 , we take V δ,J = 0, in this case we have again the estimate (4.19). The displacement + dU
e,J , J
By construction, the displacement U (l) e,J coincides with a rigid displacement in the neighborhood of the edge extremities. We deduce that
δ )
The edge J belongs to the faces ω l1 , . . . , ω lp . Let U e,J be the elementary rod displacement equal to the mean value of the displacements U 
We deduce (see [4] ) that
2η0δ )
Now we modify the displacement U Then we have
Eventually the displacement U δ obtained by modifying U 
